Abstract. T w o mathematical models of the junction region between two elastic plates will be compared. One of the models is due to H. Le Dret and was derived in the spirit of the Ciarlet-Destuynder method of asymptotic expansions. The other utilizes a classical Lagrangian formulation and is based on a certain type of geometric modeling. It is shown that in the case of a right-angle folded plate with \simple clamping," the two approaches give rise to one and the same model.
Introduction
The purpose of this paper is to compare mathematical models of the junction region between two elastic plates. More speci cally, w e wish to consider a model due to H. Le Dret that was derived in the spirit of the CiarletDestuynder method of asymptotic expansions, and another described by Lagnese, Leugering and Schmidt that utilizes the classical Lagrangian formulation and is based on a certain type of geometric modeling. The main point is that, at least in the case of a right-angle folded plate with \simple clamping," the two approaches give rise to one and the same model.
Work on modeling of a folded plate originated with Le Dret in a series of papers 4], 5], 6], 7] see also the monograph 8]. A family of homogeneous, isotropic, linearly elastic three-dimensional bodies, consisting of two identical square plates of thickness " attached perpendicularly to each o t h e r , i s considered. The Lam e parameters " " of each of the bodies are assumed to satisfy ( " " ) = " ;3 ( ). This assumption implies that the plates become progressively sti er in certain directions as " ! 0. The volume forces are also assumed to be scaled in a certain manner with respect to " with the precise scaling hypothesis depending on the assumed boundary conditions (i.e., either simple clamping { one of the two extreme edges is clamped and the other is free, or double clamping { both of the extreme edges are clamped). The idea is to show that under such scalings one may p a s s t o the limit in the variational equations of the 3-d bodies as " ! 0. The limit model consists of a pair of 2-d equations of Kirchho type for the static equilibrium or dynamic motion, as appropriate, of the transverse displacements of the references surfaces of the two plates, the usual boundary conditions at the outer edges, and certain coupling conditions along the edge line formed by the intersection of the reference surfaces. The coupling conditions differ according to whether the con guration is simply or doubly clamped but in any case have reasonable geometric and mechanical interpretations. In the case of double clamping the coupling conditions are all local, but in the case of simple clamping some of the mechanical coupling conditions (balance laws) are nonlocal. Also, in the case of double clamping, continuity of the displacement v ectors of the reference surfaces along the junction region may be lost in the limit.
Although Le Dret also considered more complicated con gurations of linked plates (for example, two square plates meeting at an arbitrary angle), the approach described above, while very general and powerful, is suitable for modeling only relatively simple con gurations. In contrast, the modeling approach i n troduced in 2] and 3] can be used to obtain models of the dynamics of quite complicated con gurations in a fairly straightforward manner. In this approach, one begins by considering a two-dimensional network in IR 3 , which i s a s u b s e t o f I R 3 formed by the union of a collection of relatively open, connected 2-d sets P i , i = 1 : : : n , each h a ving a Lipschitz boundary consisting of a nite number of smooth curves, such that (i) P i \ P j = 8i 6 = j (ii) n i=1 P i is a connected set in IR 3 (iii) P i \P j is either empty or is a nite union of linear components, 8i 6 = j. ( 1 2 ) ( 1 2 ) 2 i 0 < 3 < " (1) where jA i 3 j = 1 . Since we are interested in the dynamic deformation of the network, the quantities P i A i 3 also depend on the time variable t, but explicit reference to t will usually be suppressed. Set 
; ( The conditions (2) -(5) serve as \geometric" constraints on the deformation, along with any other geometric restrictions which m a y b e i n troduced at the outer edges of the network (for example, if parts of the outer edges of one or more of the plates are clamped). Mechanical coupling conditions at the junction, together with the equations of motion and the mechanical boundary conditions, are then obtained by means of Hamilton's Principle, where the variation is taken with respect to deformations satisfying the imposed geometric constraints (rather, their linearizations), utilizing a Hamiltonian appropriate to a network of Reissner-Mindlin plates. Certain of the mechanical coupling conditions at the junction turn out to be nonlocal and have the avor of those found by Le Dret in the situation of simple clamping described above. All of the mechanical conditions have plausible physical interpretations as balance laws. However, the two models (in the case of the con guration considered by Le Dret) are not directly comparable for two primary reasons. First, since the Le Dret approach is based on an assumption of elastic isotropy, it leads to a system of coupled Kirchho equations, while the model based on the kinematic assumption (1), the ad hoc constraints (2) 116 JOHN E. LAGNESE -(5) and Hamilton's Principle involves a system of coupled Reissner-Mindlin equations. Second, in Le Dret's model, due to the assumed scaling of the Lam e parameters " " with respect to ", the membrane deformations in the limit model turn out to amount t o rigid motions. Such motion implies (4) and (5), but is a much stronger constraint. Therefore, to e ect a comparison between the two models, as a rst step the constraints (4) and (5) are replaced by the more restrictive assumption the membrane displacements of the reference s u r f a c es are rigid: (9) Upon application of Hamilton's principle, this assumption, together with (2), (7), (8) , leads to a certain model based on Reissner-Mindlin plate theory. It is then necessary to pass to the limit in this model as the shear moduli tend to in nity in order to enforce the Kirchho -Love h ypothesis. When one carries out the limiting process, one nds that the resulting model is exactly the one found by L e D r e t .
The plan of the remainder of this paper is as follows. In the next section, Hamilton's Principle is used to derive equations of motion and mechanical junction and boundary conditions for a 2-d network consisting of n planar regions which share a common joint J, under the kinematic assumption (1) and the geometric constraints (2), (7), (8) and (9). In order to compare against the Le Dret model, it is assumed that all of the reference surfaces are unit squares and that exactly one or them is clamped at an extreme edge (the edge not adjacent to the junction) while all of the remaining outer edges are free. However, we allow the plates to have di ering material properties. The limit model as the shear moduli tend to in nity i s d e r i v ed in section 3. It is observed that when the limit model is specialized to the case of two identical square plates which are orthogonal to each other, what is obtained is exactly the model derived by L e D r e t . Remark 2. The junction conditions found by L e D r e t 5 ] in the case of a doubly clamped pair of orthogonal plates do not correspond to a rigid junction as de ned above nor to any of the types of junctions de ned in 3, Chapter VII, Section 3] . In all cases, the approach o f 3 ] enforces the continuity condition (2) while, as noted above, such is not the case in the model obtained in 5], where continuity of only the tangential components of displacements at the junction is assured.
Derivation of the model
Let i j k denote the standard basis for IR 3 and (x 1 x 2 x 3 ) d e n o t e t h e Cartesian coordinates of a point i n I R 3 with respect to that basis. We consider a 2-d network in IR 3 of consisting of planar regions P i , i = 1 : : : n , such that (i) P i is a unit square (ii) P i \ P j = f(0 0 x 3 )j j x 3 j 1=2g := J, for all i 6 = j. If n = 2 it is further assumed that P 1 and P 2 are not coplanar. Let One plate of the network is assumed to be clamped at its extreme edge we assume it to be P 1 , so that W 1 (1 2 ) = 0 u 1 (1 2 ) = 0 0 < 2 < 1:
(10) Further, because of the way the bases were chosen, the continuity condition (2) These are constrained by (20), (21) and
Remark 3. In the case where n = 2 a n d P 1 is orthogonal to P 2 , (20) reduces to 
Remark 4. In the special case where n = 2 a n d P 1 is orthogonal to P 2 , one has k 0 1 = 1, k 0 2 = 0 , k 2 = 1. If also the material parameters of the two plates are identical, the last three equations reduce to 
The junction conditions (20), (21), (35) -(37) may be considered as analogous to those found by Le Dret for a simply clamped folded plate, but within the context of Reissner-Mindlin plate theory rather than KirchhoLove plate theory. We n o w wish to pass to the limit in (40), (41) as the shear moduli G i ! 1 .
In order to emphasize the dependence of the solution of (40) 
Equation (40) 
Proof. From (42) we deduce the energy identity 
In addition, by using the de nition of the V G norm, we m a y conclude from (46) that for = 1 2 a n d i = 1 : : : n , ' Upon passing to the limit in (57) we obtain
which is just the variational form of (44). On the other hand, the problem (72) To de ne 3 , s e t t = a + W ja + W j n = t 1 t 2 jt 1 t 2 j :
The vectors t are tangent to the deformed reference surface at P( 1 2 ) but are not necessarily orthogonal. Introduce t 0 such that (t 0 1 t 0 2 n) i s a direct orthonormal system and t 0 1 t 2 = t 0 2 t 1 t 0 1 t 1 > 0: These conditions uniquely determine t 0 1 t 0 2 . Consider the orthogonal transformation mapping a 1 , a 2 , a 3 to t 0 1 , t 0 2 , n, consisting of three successive rotations: a rotation 1 around the a 1 -axis followed by a rotation 2 around the (rotated) a 2 -axis such that the two c o m bined rotations maps a 3 to n, followed by a rotation 3 around n. The rst two rotations map a 1 a 2 onto an orthonormal pair a 0 1 a 0 2 in the tangent plane at P( 1 2 ) and 3 maps a 0 1 a 0 2 onto t 0 1 t 0 2 . The angle 1 (resp., 2 ) measures bending in the a 2 a 3 -plane (resp., in the a 1 a 3 -plane) the di erences ; are the shear angles.
The angle 3 is related to twisting in the reference plane and satis es 3, Chap. VII, Sect. 
